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I. INTRODUCTION 



Hilbert-Palatini Lagrangian for pure gravity is written in terms of the connection fields 
uj/ and tetrad as independent field variables. Its Hoist generalisation is given in terms 
of the Lagrangian density 



where, 
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The second term is the Hoist term with rj~^ as the Barbero-Immirzi parameter 
For 7] = —i, this Lagrangian density leads to the canonical formulation in terms of the 
self-dual Ashtekar connection which is a complex SU{2) connection For real rj, we have 
a Hamiltonian formulation in terms of a real SU{2) connection, which coincides with the 
Barbero formulation for rj = 1 

Inclusion of Hoist term does not change the classical equation of motion of the Hilbert- 
Palatini action; there is no dependence on rj in the equations of motion. In fact, when the 
connection equation u^^"^ = oj^'^ {e) is used. Hoist term is identically zero. 

Adding matter in the generalised Lagrangian density ([1]) needs special care. In particular 
when spin ^ fermions are included through minimal coupling, the classical equations of 
motion acquire a dependence on 77 jfil. However it is possible to modify the Hoist term in 
such a way that the equations of motion remain unchanged. Such modification for spin ^ 
'ermionic matter and also those in the = 1,2 and 4 supergravities have been obtained 
3, ISl . When the connection equation of motion is used, the modified Hoist terms in each of 
these cases, become total divergences involving Nieh-Yan invariant density and divergence 
of axial current densities involving the fermion fields. The modified Hoist term used in these 
formulations changes with the matter content of the theory. 

It has been suggested that the Barbero-Immirzi parameter should have a topological 
interpretation in the same manner as the 9 parameter of QCD jo]. For this to be the 
case, r] should be the coefficient of a term in the Lagrangian density which is a topological 
density. Since such a term would be a total derivative for all field configurations, the classical 
equations of motion would remain unaltered. Such a term would be universal in the sense 
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that it would not change when any matter couphng to gravity is introduced. The Hoist term 
in ([1]) or any of its modifications mentioned above do not have such a property. 

In the four dimensional gravity, there are three possible topological densities, namely 
Pontryagin, Euler and Nieh-Yan. The first two are quadratic in the curvature tensor. The 
Nieh-Yan density contains a term linear in and an i?— independent term. This is 

shown below to be associated with Barbero-Immirzi parameter. 



The Nieh-Yan density is given by 
iNY — e 



D,{uj)ei := d.ei + u^jei. (2) 

This is a topological density, that is, it is a total divergence: 

Iny = d^J^y{e,uj) , J^y{e,uj) := e'^'^^^e^D^Me,^ . (3) 

Note that unlike the Pontryagin and Euler densities, the Nieh-Yan density vanishes identi- 
cally for a torsion free connection. 

The classical equations of motion from the Lagrangian density containing the Hilbert- 
Palatini term as well as the Nieh-Yan density: 



^ = lej:ZR,u''i^) + liNY (4) 



are the same as those from the Hilbert-Palatini Lagrangian alone. We shall demonstrate 
that the canonical Hamiltonian formulation based on this new Lagrangian density also leads 
to a theory of real SU{2) connections, exactly the same as that emerging from the theory 
with original Hoist term. This in turn, for r/ = 1, is the Barbero formulation. Inclusion of 
matter now does not need any further modification and equations of motion continue to be 
independent of rj for all couplings. This also allows a direct interpretation of the rj parameter 
as a topological parameter in a manner analogous to the ^-parameter in QCD. 

In a quantum framework, it is also possible to arrive at the canonical formulation based 
on the Lagrangian density (jlj) starting from the Hilbert-Palatini canonical formulation by 
rescaling the wave functional by exp{^ f cPxJ^Y{e,uj)}. Mercuri has used this approach to 
derive the canonical formulation containing the Barbero-Immirzi parameter for a theory with 



spin-1/2 fermions lOl]. This demonstrated for the first time, the role of Nieh-Yan density 
as the source of the quantization ambiguity refiected by the Barbero-Immirzi parameter. 
However, in this analysis the connection equation of motion has been used to express the 



J^yi^^^) terms of the fermions. It is desirable to carry out this procedure, retaining the 
J^Y in equation ([3]) in terms of the original geometric variables. Such a method then can 
be applied directly to a theory of gravity with or without matter. 

In this paper, we work within a classical framework. In section II, we describe the 
Hamiltonian formulation based on the Lagrangian density (jl]) closely following the analysis 
carried out by Sa for the Hilbert-Palatini gravity with the Hoist term. In section III, we 
discuss the matter couplings, in particular the case of Dirac fermions. Coupling of any other 
matter can be done in an analogous and straight forward manner. Section IV contains a 
few concluding remarks. 

II. HAMILTONIAN ANALYSIS 

We propose the Lagrangian density for pure gravity to be that given in equation (jlj), 
rewritten as: 



where R^^^"^ {u) := R^^^'^{uo) + rjR^^^'^uj) and we have used the identities, 

^ZK"^^) = ^TjR,^\^) , etTj := ^euKL^^-''''^ = ■ (6) 

Introducing the notation, f} := rie°'^'^Dh{uo)eic and e°'^'^ := e*"'^'^, the 3+1 decomposition is 
expressed as: 

C- = eEfjR'^/'iu;) + 1^'jRT\^) + ti [D^ei - D^{u)e{) (7) 
Defining oo^a'^^'^ := a;^ + rjojl/ and S^j*" := S^j + r/S^j we get, 

+mei + u/'ejCaj + elDa{uj)t1 - 8^ (t?e[ + eS^f "w,") (8) 
We parametrize the tetrad fields as: 

el = V^M' + N'^V^ , ei = Vi ; M,\// = 0, M,M^ = -1 (9) 
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and then the inverse tetrad fields are: 



'eN VeN 
MV/ := , K'V? Si , V^VJ := 5'j + M' Mj (10) 

Defining := V^Vbj and g := detgab , leads to e := det{eji) — Nq. We may thus trade the 
16 tetrad fields with the 9 fields (M^V^ = 0), the 3 fields {MjM^ = -1) and the 4 
fields and A^". 

Next using the identity, 

j:fj ^ 2NeE%E%r)^^ + N^^'Efj , (11) 

and dropping the total space derivative terms, 

C = eEfj ^t^")^-^ + fidtei -NH- N'^H^ - W/Gu (12) 

where 2eEfj = -^M^iV^^ , f} := r]e''^^Di,{uj)Vic and 

H = 2e^Sf^E*;^r^^^i?lf ^(c) - ^M^ D^iuj^i, (13) 

= eEf,i?i?"(u;) - V^D,{u;)t'i, (14) 

= -2L'„(a;) (eSg*'^) - tf.K/ja . (15) 

Introduce the fields, 

Et 2eE*« , -M,/M° , - xM^^^^' , C - ^>i^^^^'- (16) 

In terms of these, we have 2eS*" = —E^Xj] ^^^^ e'Efj^t'^^^^'^ = E1;dtA\ + CdfX^, and the 
Lagrangian density is: 

C = EtdtAl + CdtX' + t^AV^ -NH- N'^Ha - y/Gu, (17) 

where, now we need to re-express H, Ha and Gjj (G^oost ^oi , G^rot \^^^^Gjk) in terms 
of these new fields: 

GLoost = -da {Et - ve'^'E^Xk) + E^^kA + iC - X ■ Cx') - tfo^.]a , (18) 

Gl, = da {e'^'E^Xk + vEt) + e^'' {A^^El - Qxk - t -K^) (19) 



Ha = Et 



RT (^) - XjRT (^) - V^D,{u)t\ (20) 
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k ^ 
rot) 



boost 



vGi 



rot 7 



H = -ElxkHa - -(1 - X ■ x)EtEpr{^) - {ElxkVl + v^M^) D,{^)t\ 



C [-G'i.oost + - (i?,"x/cK' + v^M^) 



-Efc^Xfc^a + (1 - X • X) 

1-x-x 

2(1 + 772) 

1-x-x 
1-x-x 

1 + 7^2 

1-x-x 
1 + 772 

, 1-x-x 



+ ^CiE^EpaEi 



\Ktt + (c ■ xtt - x.Gt," + r^e^^'C.t^) 
V 



X^t] + :r7^e^''4 + (1 + ^^)Etd,E] + i^f x.i^;:.^^ 



2(1+7/2 



(XmXn-5mn)i5,''i^^Nr«r 



(21) 



(22) 



In the above, i?* := 
r0\2 



EV;^ is the inverse of E^ i.e. E'^Ef = 6^ , E'^E^ = 6] and E'^ 



q{M ) equals detE^. Furthermore we have also set u^^ 



- l^i^C^l. Notice that 



E'^u]^ = 0. The six independent fields in u]^ may be parametrized in terms a symmetric 



matrix M*-' as, u^^ 



kl 



We have replaced the original 16 tetrad fields with 16 new fields: E'f , Xi, N and A^'^. In 
place of the original 24 connection fields cu^'^ we use the new set of 24 fields A^^Q, uj\^ and 
wj**. The fields Vl and are not independent; these are given in terms of the fundamental 
fields as: = and f} = rf where 



v„ 



T 



El 



^rot y 



XI f2Ui + N, 



ml 



1+7/2 



+ ^minG^boost 



r," := 7/e"^^Z},(a;)K 



ck 



2/mfc + 



mk 



1 + 772 



(23) 
(24) 
(25) 
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where, 

2hi := e,,kEt [(1 + ri^)EldaE] + xX] + V {EfA^, - d'^'E^.A^ - xiCk) + {I ^ k) (26) 
Nki := e^^'(x™X, - 5m,)i^>!r + H ^ k) (27) 

= iX-X - 1)(^M - MmmSkl) + XmXn^mn'^H + XlXkMmm - Xm(XfcMn« + XlMmk) 

We can upgrade V^^ and as independent fields through terms containing the Lagrange 
multipher fields and 0^ in the Lagrangian density: 



c = EtdtK + cdtx' + mvl-n 

n := NH + N^H, + \ul'Gu + CAV^ - vi) + ^^(t? - r/) (28) 

where and rf are defined in equations (1231 - [251) . We have 24 pairs of canonically con- 
jugate independent field variables (i?f, A;^), {CtX^)^ (^/jK/)- The remaining fields, namely, 
N, N°-,u)l.'^ ,^f,(j)^g^ and M'^' have no conjugate momenta since in the Lagrangian their ve- 
locities do not appear. Preservation of these constraints (vanishing of the variation of the 
Hamiltonian with respect to the fields) leads to the secondary constraints. From the varia- 
tions with respect to fields u;^"', N"-, N, and 0^, we get the constraints: 

Gioost ^ , Gl,, ^0 ; Ha ^ , H ^ 0; (29) 
V^-vi ^ , t?-r; ^ 0. (30) 

From the variation with respect to M'^' or equivalently wjf , we get: 



5M^^ 5M^^ 2(1+7^2) LW /c ^^,,'a ' . ^ 

This leads to 

{r]tl - e^^'^x.t •)K' + fki + \nu + {k^l)^0 (31) 
Using constraints fl30|) . and the expressions ([23] -[25]) for r/, equation f[3T]) implies : 

(r^e^^'^X. + 4,) (2/,, + iV,0 + r^(l + r/^) (^'^'x^Groo.t - XiGtost) + {k ^ I) ^ 

Using (1291) . this in turn implies the constraint: 

2fki + Nm^O (32) 
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where, fki and Nm are given in (l26l [27|) . This constraint can be solved for Mki- Furthermore 
it imphes, from the definitions flMl [25]) . that rf ^ and hence, 



^ . 

Implementing this constraint then reduces the Hamiltonian density to 



1 



where now, 

'-^ boost 

/ ■ 

'-^rot ~ 

H„ = 



n = NH + N''Ha + -iui'Gij 



da {e'^'E^Xk + vEt) + e^^\A=,El - Qxk) ^ , 
E':diaAl^+QdaXi 

^ [Ef.xiA + Q-X-CX'- Ve'^'iAiE^k - QXk)] A\ 



(33) 

(34) 

(35) 
(36) 
(37) 



1 + 



-e*-'''(?7G'boost + ^rot) ~ X^l^boost ~ vG' 



H 



l + r/2 
ElxkHa + {1-X-X) 

(1 - x-x) 



rot) 



1 



EtdaQ + ^QEtEpaEl 



(38) 



2(1 + 772) 
(1 - X ■ x) 

(1-x-x) 

2(1 + 7^2) 



U-Glost + VGI 



boost 

Iei;e'^^aiai + EtA\x ■ C + w,,,c^A^aEt + -Ax<f- -AC ■ 



+-XkXi{MP^M^^ - M^^M^P) 
2 



. 



In the last equation we have M given by the constraint 2/^/ + N^i = 0, which can be solved 
as: 

(1 X'X) -^kl '^fkl'^iXmXnfmn fmm)^lk~^{XmXnfmn~^fmin)XkXl '^XmiXl f'mk~^Xk fml) (39) 

This is the same set of equations as those obtained by Sa [sl in his analysis of the action 
containing Hoist term. 

We may fix the boost gauge transformations (time gauge) by imposing ^ which 
together with the G[,^^^^ ~ forms a second class pair. Solving the boost constraint with 
X' = yields, 

= daE^ (40) 
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In this gauffe we then recover a canonical Hamiltonian formulation in terms of real SU(2) 

n 

gauge fields which reduces to the Barbero formulation for r/ = 1 [5|. 

To summarize, like the Hoist term, the Nieh-Yan term leads to an SU (2) gauge theoretic 
formulation. But, it is only the coefficient of the Nieh-Yan term that has a topological 
character. 



III. MATTER COUPLING 



As stated earlier, the matter can now be coupled to gravity in a straight forward manner. 
As an example, we consider a spin-| Dirac fermion with its usual m«n«ma/ coupling to gravity. 
The Lagrangian density is^, 

C = ETj R,J\uj) + + '-^ [XYD,iu)X - DM^rX] (41) 

where, 



Df,{uj)X := df,X + - io^ij a^-^ X , D^{uj)X := d^X - - X u^u a" 

Notice that, unlike earlier attempts of setting up a theory of fermions and gravity with 
Barbero- Immirzi parameter ^jls] where the Hoist term was modified to include an additional 
non-minimal term for the fermions, the Lagrangian density here containing the Nieh-Yan 
density does not require any further modification, just the usual minimal fermion terms 
suffice. This is so because the Nieh-Yan term is topological. 

We expand the fermion terms as 

ie 
~2 



C{F) := - [X-i^D^{lo)X - D^(^)A7^A] 



= [dtXU - mX] - NH{F) - N-H^{F) - ^ ul' Gjj{F) (42) 

where H and H are canonically conjugate momenta fields associated with A and A 
respectively. Explicitly ^, 

n = -|A7* = ^M,A/ , H = - |f A = '-^Mn'X (43) 



^ Our Dirac matrices satisfy the Clifford algebra: 'j^'j'^ + 7'^7^ = ^ri^"^ , jf"^ := diag(— 1, 1, 1, 1). The chiral 

matrix 75 := i'f^^^^'^j^ and a^'^ := j [7-'^, 7"^]. 
^ The fermions are Grassmann valued and the functional differentiation is done on the left factor which 

accounts for the signs in the definitions of the conjugate momenta in P5|) . 
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Ha{F) = D.HAn - UDaiiu)X 

DjuJX a^^ U + n a" Da{uj)X 



H{F) 



;-2 e ^fj) 



(44) 
(45) 
(46) 



Incorporating these fermionic terms in the pure gravity Lagrangian density given in equa- 
tion fl28l) . we write the full Lagrangian density as, 



ciiv^ - - <i>iiti - r;) 



(47) 



where now 



IJ 



Qij ^ QiJ^p^ ^ H'^ = Ha + Ha{F) , H' = H + H{F) , (48) 



with G^'^ , Ha and H as the contributions from the pure gravity sector as given by the 
equations ([I3]-[T5]) or equivalently by the equations (fT9]-[22l). 

The various quantities above can then be rewritten in terms of the basic fields as: 



^ boost 



•-^rot 



J O.) 



H' 



-da{Et - ve'^'E^Xk) + E^Xk]A'a + (C^ 
+ [11(1 + zr775)(ToiA + A(l + ir775)croin] ; 

5„(e^^-^E;Xfc + r^Et) + e^^\A^aEl - QXk 
+ [n(z75 - r])(ToiX + X{i-fr, - r])aoiIl] ; 
E':d[aAl^ + QdaXi - d,{tfV^) + tfdX 

+ [daX{l + ^r/75)n - n(l + tvi5)daX] - [XaoiU + naoiX]Ai 

^ [E^aiA + Q-X-(X'- 4Vi]t - ve''' {A'aEl - X^Ck - 1%')] A\ 



(49) 



(50) 



1 + r/2 
1 



(51) 



H' = -ElxkK - {ElxkV^ + v^M^) d,t'^ + (1 - X ■ X) 



EtdaCi + ^-CiEtE^daE, 



(1 - X • x) 
1 + r/2 

(1 - x-x) 



2(1+7^2) 

(1 - x-x) 



\eIE]^A\A^, + El/^aX ■ C + Ve^,kC^AiE^, + lix-Cr- lie ■ C) 



^m^r + 2^bt[iXj]Cj + ^(^ijktfElCk 



E{l + r]^ 

2e T.fj [daX{l + iTll^Wli + n(l + tr]^^)a''daX\ 
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+ E^Xk [daHl + i^?75)n - n(l + lV75)daX\ 



« - e'"'x^tT) Vr + hi + (1 + v')Jki + ^N,i{M) 



M 



kl 



(52) 



2(l + r/2) 

where as earlier, 2e Sq" = , 2e = — and fki , Nki{M) are given by equations 
fl26l EZD respectively. Also, 



= + ^ e E*"; [M-^ (1175 A - A75n) + 2ML(n75cr^-^A + A75cr^-^n 



2J, 



kl 



1 - f M^'yi^ 
A75 Xkll + Xilk + 24; . 1 A 



2/E 



MO 



(53) 



(54) 



= -{5ki + MfcMz) (1175 A - A75n) + iMiM\ti^r.ajk\ + A75ajfcn) + (A; ^ /) 
The Hamiltonian density now reads: 

n = NH' + N^H'^ + 1 G\j + e?(K' - ^a) + 0a(^? - (55) 

Oi , ,U fa 



The constraints associated with the fields A^"^, A^, u;"*, uj^ and 0^ respectively are: 



H' ^0 , G 



h 

boost 



G'* ^ 



The remaining fields M^', from j^5M^^ k, 0, lead to the constraint, 

« - e'^\^t'^)V!, + /h + \nh + (1 + r]^) Jfc^ + (fc ^ /) ^ 



(56) 
(57) 

(58) 



Using ^ r/, we write 



'^k ~ 



7/ 



2fki + AT, 



+ 2 Jfci + efe/nC 



/ n 

boost 



Using dSl]) in dSH]), leads to 



r^n Xk ( '^fki + Nm 

•-^rot ~^ I -j^ _|_ ^2 '~ ~'~ "-^boost 



2/fc/ + Arfc, + 2(1 + 7/2) J,, ^0 



generalizing the constraint fl32l) of the pure gravity case. This in turn implies 



tf ^ 



(59) 



(60) 



(61) 
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corresponding to the constraint (133|) for pure gravity. Implementing this constraint along 
with those in fl57|) reduces the Hamiltonian density to 

n = NH' + N^H', + KjI' G\j (62) 

where the final set of constraints are obtained from equations (HOl - [52]) by substituting 
ill = and dropping the terms containing G'^^^^^,G'^^^ in H'^,H'. The M^i is given by the 
solution of the constraint ( |60l) . 



Time gauge: 

We may now make the gauge choice Xi = and solve the boost constraint G'^^^^^^ = 
to obtain 

= daE^ -zr][n-f5aoiX + h5(^oiIl\ (63) 

Thus we have a canonical Hamiltonian formulation for a theory of gravity with fermions in 
terms of real SU (2) gauge fields with the following constraints: 

H'^ = E^dy^J^,-^ + [ da\{l + Zr/75)n - n(l + I7]^^)da\ ] 

^ [daE^ -7]ei,u^^,El-^7]{n^^a^,\ + \^^ao^Tl)]A\ ^0; 



1 + 



1 



+ 2E1 [daXil + ^r/75)aoin + n(l + zr/75)aoi4A] + [Xaali + Ha^'A] 
1 



+ 



2(1 + 772 
where C are given by fl63|) and 



{/h + (1 + r/2) Jfc^} M^' - ^ {M^^M^^ - M^'^M^^) 







with 



2 [/fci + (1 + r/^) Jfci] - 5kl [fmm + (1 + ^?^)^mm] 



2h, = (1 + r72)e^^-^i?f iJ^a.i?) + 77 {EIA\ - S^'E^^A^) + {k ^ I) 
'^Jki = ihi [n75A - A75n] 



(64) 



(65) 



(66) 



This completes our discussion of a fermion minimally coupled to gravity including the 
Nieh-Yan term. This analysis can now be extended in an analogous manner to a theory 
with any matter content with any couplings. 
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IV. CONCLUSIONS 



We have demonstrated that inclusion of Nieh-Yan topological density in the Lagrangian 
density of a theory of gravity allows us, in the time gauge, to describe gravity in terms of a 
real SU{2) connection. The set of constraints so obtained in the Hamiltonian formulation, 
for 1] = 1, is the same as that in the Barbero formulation. For other real values of this 
parameter, we have the Immirzi formulation with Barbero-Immirzi parameter 7 = rj^^. Thus 
the parameter 77 has similar interpretation as the 6'-parameter of QCD. Like the topologically 
non-trivial vacuum structure of QCD, which reflects itself in terms of presence of the 6- 
parameter, the ?7-parameter in the theory of gravity should indicate a rich vacuum structure 
of gravity which needs further and thorough investigation. 

Like the 6'-term in QCD, the Nieh-Yan term in gravity is also universal, i.e., it does not 
need to be changed when various kinds of matter are coupled to the theory. We have dis- 
cussed this in detail for spin | matter coupled to gravity. For other matter, for example, 
in the theories involving an anti-symmetric tensor gauge field, and also theories of super- 
gravity, the same Nieh-Yan topological term allows a description in terms of a theory of 
a real SU (2) gauge connection in the time gauge. This is to be contrasted with the case 
of Hoist modification of Hilbert-Palatini action, where for different matter couplings, the 
corresponding Hoist term in the Lagrangian density needs to be changed on a case by case 
basis so as to keep the equations of motion unaltered [?, 8|. It is worth emphasizing that the 
Nieh-Yan density is entirely made up of geometric quantities while the modified Hoist terms 
contain matter fields as well. The two get related only after using the connection equation 
of motion. 

In a complete theory of gravity, besides the Nieh-Yan topological term, we need to include 
two other topological terms, the Pontryagin density and the Euler density. This introduces 
two additional topological parameters associated with such topological terms, besides the 
parameter rj we have discussed here. Any quantum theory of gravity should have all these 
three CP-violating topological couplings. 
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